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(3 ■ 1 Introduction. 

0> ■ Let fc be a perfect field and L/K be a finite separable field extension of one- 

0^ I dimensional function fields over k. A classical result (c.f. 1.6, [Ha]) states that 

r^ ■ K (resp. L) has a unique proper and smooth model C (resp. D), and that there 

is a unique morphism of curves / : D —> C inducing the field inclusion K G L 
at the generic points of C and D. It has the following properties: 



C^ 



^ , (i) / is a finite morphism. 

p\^ • (ii) / is monomial on its tamely ramified locus; let /3 e I? be any point, 



S 



with a :— f{/3) € C, such that the extension of discrete valuation rings 
OY,i3/Ox,a is tamely ramified. There exists a local-etale ring extension R 
of Oy.fs and regular parameters u of Ox,a and x oi R such that u = x°' 
for some a prime to the characteristic of k. 

In this paper, we investigate a two-dimensional version of this statement, 
that is, L/K is a finite separable field extension of two-dimensional function 
fields over k. By birational resolution of singularities ([Ab4], [H], [Li2]) and elim- 
ination of indeterminacies (theorem 26.1, [Li]), there exists a proper and smooth 
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model X (resp. Y) of K (resp. L), together with a morphism / : y ^ X in- 
ducing the field inclusion K C L at the generic points of X and Y. Such a 
morphism is in general neither finite nor monomial. 

In [Ab2] , the question is raised of whether this can be arranged by blowing- 
up: does there exist compositions of point blow-ups Y' ^^ Y and X' ^ X, 
together with a map /' : Y' ^ X' such that /' is finite and/or monomial? It is 
actually shown (theorem 12, [Ab2]) that /' finite cannot in general be achieved. 
The obstruction is local for the Riemann-Zariski manifold of L/k. 

This leaves open the question of whether /' can be taken to be monomial. 
For complex surfaces, a positive answer has been given in [AKi] (theorem 7.4.1). 
Their method however does not generalize to positive characteristic, due to the 
lack of canonical forms for the equations defining / (assertion 7.4.1.1, [AKi]). 

We present a quite general solution to this problem: any proper, tamely ram- 
ified morphism / : y — > X of surfaces (which are separated but not necessarily 
proper over fc), inducing the field inclusion K d L a.t the generic points of X 
and Y , can, after performing suitable compositions of point blow-ups Y' ^t Y 
and X' —> X, be arranged to a monomial morphism /' : Y' ^f X' . Moreover, 
there is a unique minimal such /'. 

Our method is constructive. That is, we give an algorithm, which, starting 
from an arbitrary proper / as above, produces its associated minimal /'. This 
algorithm is explained in section 4. An easy reduction (proposition 8) shows 
that it can be assumed that both of the critical locus C/ and the branch locus 
of / are divisors with strict normal crossings. 

In section 3, we then attach to every vertical component E of C/ a nonnega- 
tive integer, its complexity «b (definition 4), which is zero if / is monomial at 
all points of E (compare with that used in [AKi], p. 222). That our algorithm 
eventually makes it drop, which is the main technical point, follows from propo- 
sitions 6 and 7. 

The main theorem is stated in section 2, together with the appropriate notions 
of monomial and of tamely ramified (not necessarily finite) morphism. 

In Section 5, we give a proof that / can be made toroidal when k is an 
algebraically closed field of characteristic zero. Although this result is known, 
for instance it is implicit in [AKi], we include it as an interesting point in the 
general theory of resolution of morphisms of surfaces. 

There is a local formulation of a monomial resolution for a mapping. Suppose 
that f : Y ^ X is a morphism of varieties over a field k. If f{p) = q, we have 
an induced homomorphism of local rings 

R ~ Ox,q C 5 = Oy.p 



We will say that R ^ S is a monomial mapping if there are regular parameters 
{xi, ....,Xm) in i?, (yi,...,y„) in S (with m < n), units (5i,...,i5„ € S' and a 
matrix (a^) of nonnegative integers such that (a^ ) has rank m, and 

XI = 2/1" 2/°-^i 

(0.1) : 

Suppose that y is a valuation ring of the quotient field K of S, such that V 
dominates S. Then we can ask if there are sequences of monoidal transforms 
R ^ R' and S ^ S' such that V dominates S', S' dominates R', and R' — > S" 
has an especially good form. 

R' -^ S' CV 
(0.2) t T 

R ^ S 

Zariski's Local Uniformization Theorem [Zl] says that (when char(fc) — 0) there 
exists a diagram (0.2) such that R' and S' are regular. 

In Theorem 1.1 [C] we obtain a diagram (0.2) making R' ^ S' a, monomial 
mapping whenever the quotient field of S" is a finite extension of the quotient 
field of R, and the characteristic of k is 0. 

If R' ^ 5" is a mapping of the form (0.1), and the characteristic of k is zero, 
there exists a local etale extension S' -^ S" such that S" has regular parameters 
yi, . . .y„ such that 



(0.3) 



■''1 — Ul tin 



Vl Vr. 



In char p > 0, the form (0.3) is not possible to obtain from a monomial mapping 
by an etale extension in general. Already in dimension 1, 

gives a simple counterexample. However, the above example is a monomial 
mapping. In fact, if R and S are regular local rings of dimension 1, then R <Z S 
is a monomial mapping, since R and S are Dedekind domains. 

If R and S have dimension 2, A: is a field of characteristic p > 0,and V^ is a 
valuation ring dominating S, then we ask if it is possible to obtain a diagram 
(0.2) making R' —> S' a monomial mapping. From our theorem 1, we deduce a 
positive answer whenever p does not divide the order of a Galois closure of the 
quotient field of 5* over the quotient field of R. 

2 Preliminaries and statement of main result. 

All along this article, k denotes a perfect field of characteristic p > 0, and K/k 
a finitely generated field extension. L/ K is a finite separable field extension. 



By an algebraic fc-scheme, we mean a Noetherian separated fc-scheme, all 
whose local rings are essentially of finite type over k. The function field of an 
integral algebraic /c-scheme X is denoted by K{X). If a is a closed point of 
such a scheme, its ideal sheaf is denoted by Ma. If i? is a local ring, its residue 
field is denoted by k{R). 

Definition 1 A proper, generically finite morphism of integral algebraic k- 
schemes f : Y ^ X is called a model of the field extension L/K if K{X) = K, 
K{Y) = L, dimX (= dimy) = tv.dcgf.K , and if the following diagram com- 
mutes: 



SpecL 



Y 



SpecK 



X 



A model is said to be proper if X/k (and hence Y/k as well) is proper, and 
nonsingular if both of X and Y are nonsingular. Models are partially ordered by 
domination, where a model /' : Y' ^ X' dominates another model / : Y ^ X 
if there exist proper maps tt : Y' —>■ Y and 77 : X' — > X such that the following 
diagram commutes (and is compatible with the maps of definition 1): 



Y' 



Y 



f 



X' 



X 



Recall that a /c-valuation ring V {k C V) of L, with V C L ^ K{V) 
is said to be divisorial if its group is isomorphic to Z, and if tr.degj.K(y) = 
tr.degj,L — 1 (divisorial valuations are called prime divisors in [ZS2], p. 88). A 
generically finite inclusion W d V oi divisorial /c-valuation rings is said to be 
tamely ramified if char/c = 0, or if char A: = p > 0, its ramification index is not 
divisible by p, and the residue field extension k(V) / k{W) is separable. 

Definition 2 A model f : Y ^ X is said to be tamely ramified if for every 
divisorial k-valuation ring V of L, with K{V) = L, having a center in Y , the 
extension of valuation rings V/V C] K is tamely ramified. 



Remark: since the models we arc considering are not necessarily finite, a 
notion of tame ramification involving all divisorial valuations rings having a 
center in Y is needed. For finite morphisms, the usual definition (2.2.2 of [GM], 
or p. 41 of [Mi]) only involves those divisorial valuations as above whose center 
in X has codimension one. 

This raises the following problem: if / : Y ^ X is a model, and if the induced 
finite map 

7 : Spec/,C»y -^ X 

is tamely ramified in the sense of [GM], under which conditions is it true that 
/ is tamely ramified according to definition 2? 

From now on, it will be assumed that tr.degkK — 2. All models therefore 
are proper, generically finite morphisms of integral surfaces. 

Given a nonsingular model / : Y ^f X,its critical locus is denoted by C/. A 
scheme structure on C/ is given by the vanishing of the Jacobian determinant. 
Since L/K is separable, C/ is a divisor on Y . There exist well defined effective 
divisors Rf,Sf on Y such that Cj = Rj + Sj, the induced map Rf -^ f{Rf) 
is finite, and f{Sf) is a finite set. Let Bf :— /(i?/)rcd- By the Zariski-Nagata 
theorem on the purity of the branch locus. Theorem X.3.1 [SGA], Bf is a divisor 

on a:. 

Definition 3 A nonsingular model f : Y ^ X is said to be monomial if for 
every (3 E Y , with a := /(/3) G X , there exist regular systems of parameters 
(r.s.p. for short) (u, w) of Ox. a and {x,y) of Oy.p such that 

(i) If a E Supp(i?j), Bf is locally at a defined by u = or uv = 0. 

(a) Either 



(1) "l „ - X^c^.d I 



u — -yx y 
V — Sx'^y'^ 



where yd is a unit in Oy,p and p does not divide ad — be, or 

(2) <! " " ^^^ 

^"^^ ^ V = 6x^ ' 

where both of"/5 and ay— C(5— — are units in Oy a- 

ay ay 

A monomial model dominating a given model is called a monomial resolution. 



Proposition 1 A monomial model f : Y ^ X has the following properties, 
(i) Bf , f* Bf and Sf are divisors with strict normal crossings. 



(a) For every (3 & Y , with a :~ /(/?) G X, and regular parameters {u,v) in 
Ox,a as in (ii) of Definition 3, there exists an affine neighborhood U of 
j3, and an etale cover VofU such that there are uniformizing parameters 
(x, y) on V with 

u — x'^y'' 

—c—d 

V — X y 
for some natural numbers a, 6, c, d such that p does not divide ad — be. 

Proof: (i) directly follows from definition 3. 

We will prove (ii), under the assumption that case (2) of Definition 3 holds. 
There exists an affine neighborhood U oi (3 such that (x, y) are uniformizing 

parameters on U, and 7, S, and 07^ '^^'B^ ^^^ units in T{U,Oy)- P cannot 

divide both a and c. Without loss of generality, p does not divide a. Set d = I, 
6 = 0, 

V = Spec(i?). V is an etale cover of U. Set 

X — x^~ ,y — Sj~^ . 

{x, y) are uniformizing parameters on V since 

dy 1 ^_i 85 d"f 

— = -7 c [aj— - c5--\ 
oy a ay ay 



is a unit in r(y, Oy). 

Our main result is 

Theorem 1 Given a model f of L/K , the following properties are equivalent. 

(i) f admits a minimal (w.r.t. domination) monomial resolution. 

(ii) f admits a monomial resolution. 

(Hi) f is tamely ramified. 

Theorem 1 will be proved at the end of section 4. Note that, if charfc = 0, 
any model of L/ K is tamely ramified. 

Remark: In case the given model / : Y ^ X is finite, there is an easier proof 
of theorem 1, using Abhyankar's lemma ([Ab5], 2.3.4, [GM]). This can be seen 
as follows; first reduce to / finite and ramified over a divisor with strict normal 
crossings. By Abhyankar's lemma, / can be locally described as a Kummer 
covering, after a local-etale change of coordinates on X. Let Y' be the minimal 
resolution of singularities of Y. By explicit computations, it is now seen that 
Y' ^ X is a monomial morphism. 

From this result, one deduces the existence of a monomial resolution of a given 
/ as in theorem 1, since any model can be dominated by a finite one. However, 
the monomial resolution thus obtained is not in general the minimal one. 



Corollary 1 Assume that chavk = or charfc = p > and p does not divide 
the degree of the Galois closure L/K of L/K. Then any model of L/K admits 
a minimal monomial resolution. 

Proof: Assume that charfc — p > 0. Let V be a divisorial valuation ring of L 
and y be a divisorial valuation ring of L such that V = VriL. Let W :— VCiK 
and e and / be the ramification index and residual degree of the extension V/W. 
By V.9.22 of [ZSl], [L : K] ~ efg, where g is the number of conjugates of V 
under the action of Ga,l{L / K) . Hence p does not divide ef. This implies that 
V/W is tamely ramified. Consequently, V/W is tamely ramified. 



3 The complexity. 

In this section, we only consider nonsingular models / : Y ^ X such that both 
of Bf and f* Bf are divisors with strict normal crossings. 

Let a be a point in X. A r.s.p. (u, v) of Ox. a is said to be admissible if 
a ^ Supp(i?j), or if q; G Supp(i?j) and Bf is locally at a defined by u = or 
uv = (sec (i) in definition 3). 

Definition 4 Given a reduced irreducible component E of Sf, with a :— f{E) S 
X, the complexity is of E is defined by the following formula: 

is := ^E{Sf) + 1 — max UEiuv) > 0, 

(u.v) adm. 

where ve is the divisorial valuation associated with E, and the maximum is 
taken over all admissible r.s.p. at a. 

Remark: it follows from this definition that if / : Y ^ X and /' : Y' ^ X' 
are two nonsingular models as above, and E (resp. E') is a reduced irreducible 
component of Sf (resp. S/') such that 

(i) Ov.E^Oy.^E'.^^A 

(ii) Ox,a = Ox',a', where a := f{E) and a' := f'{E'), 
then iE = iE'- This fact will be repeatedly used in this section. 

We first recall the following classical birational fact (theorem 3, [Abl]), to- 
gether with its global counterpart (theorem 4.1, [Li]). 

Proposition 2 Let R be a two-dimensional regular local ring with quotient field 
K and S be a regular local ring birationally dominating R. Assume that S is 
either two-dimensional or a divisorial k-valuation ring. 
There exists a unique sequence 

R = -Ro C i?i C . . . C Rn = S 



such that, for 1 < i < n, Ri is a quadratic transform of Ri^i. 

Proposition 3 Let R be a two-dimensional regular local ring with quotient field 
K and X -^ Speci? he a proper birational map with X regular. 
There exists a sequence 

X = Xn — > ■■■ — >Xi — > Xo = Speci? 

such that, for 1 < i < n, Xi is the blow-up of a closed point of Xi-i. 

Proposition 2 implies the following. 

Corollary 2 Let f : Y —> X be a nonsingular model as in the beginning of this 
section, and let E be a reduced irreducible component of Sf , with a := f{E) € X . 
Assume that a ^ Supp(_B/). Let (3 G f^^{a). Then, 

(i) Lf (3<^ Supp(5'/), then M^Oy,/} = Mp. 

(a) ///? G Supp(5'/), then MaOY,fj is a principal ideal. 

Proof: Let R be the integral closure of Ox,a in L. By X.3.1 [SGA], R is 
a regular seniilocal ring which is unramified over Ox.a- One has R C Oy.tj in 
either case. 

If /3 ^ Supp(S'/), Oyjj — Rj^ p-^ by proposition 2. Hence MaOyji = Mp. 
If /? S Supp(S'/), Oy,p dominates a quadratic transform i?i of Rj^ ^-^^ by propo- 
sition 2. Hence MaOY,fj is a principal ideal. 



Proposition 4 Let f : Y ^ X be a nonsingular model as above, and let (3 G Y , 
with a :— f{(i). There exists an admissible r.s.p. (u,v) at a such that for every 
reduced irreducible component E of Sf passing through (3, 

VEiuv) = max ve{u'v'). 

(u'.v') adm. 

Proof: Since f*Bf (and hence Sf as well) is a divisor with strict normal 
crossings, there exist sp < 2 components of Sf passing through p. The above 
statement is trivial unless sp = 2, which we now assume. Since Bf is a divi- 
sor with strict normal crossings, there exist r^ < 2 components of Bf passing 
through a. The above statement is trivial if r^ = 2, and we hence assume 
Tq < 1. Let E be an irreducible component of Sf passing through (3. We con- 
sider two cases: 

First assume that Tq, — 0. By proposition 2 and Theorem X.3.1 [SGA], there 
exists a regular local ring R, essentially of finite type and unramified over Ox,a^ 
and a succession of quadratic transforms 

R = Rq C Ri C . . . C Rn ~ Oy,/!, 



with n > 1. Let u E Ox. a be a regular parameter. Let ti E Ri, I < i < n, he 
a regular parameter such that ht ((t^) n -Ri_i) = 2. Define by induction on i, 
< i < n, elements Ui e Ri by uq — u, and if i > 1: 

Ui-i = Uui if Ui^iRi ^ Ri 
Ui-i = Ui if Ui^iRi = Ri 

Let TOti, 1 < m„ < n, be the largest integer m such that Um-i — tmUm- We 
have: 



ve{u) = y^^vEJu)- 



In particular, ve{u) is a non decreasing function of ?Ti„. Also notice that for 
general u, niu = 1. A r.s.p. {u, v) satisfying the conclusion of the proposition is 
then obtained by taking v maximizing to„, and any transversal u. 

Assume now that r^ ~ 1. Let ?i = be a local equation of Bf at a, and 
xy = be a local equation of (5/)rod at (3. Let v,w E Ox,a be such that both 
of {u, v) and {u, w) are (admissible) r.s.p. We have 

r (i / 

— X y V , 

r' c]' I 

= X y w 

where 7 is a unit in Oy,/3, a, b, c, d, c', d' > 0, and neither x nor y divides v'w' . 
Assuming that c' > c, we will prove that d' > d and the conclusion will follow. 
By the Weierstrass preparation theorem, there exists a power scries P{u) G 
k(q;) [[«.]] such that 

(3.1) w — unit X {v - P{u)) e Ox.a — K(a)[[u, w]]. 

Let A G Ox.a be a unit such that 

P{u) = Am" mod u™+\ 

where m — ord„P. Since c' = ordj;W > c — ord^;!;, (3.1) implies that c = ma. 
This gives the congruence 

wy = A7"y"*' mod a; 

in Oyfi. Hence d < mh. It then follows from (3.1) that 

d' = ovAyW > min{ordj,i;, ?7i5} = d. 

This concludes the proof. 

Proposition 4 leads to the following definition of the local complexity on Y. 



Definition 5 Let f : Y —t X he a nonsingular model as above, and (3 G 
Supp(S'/). The complexity ifj of f at P is defined by 

ifj :— max is > 0, 

E 

where the maximum is taken over all reduced irreducible components of Sf pass- 
ing through (3. 

Lemma 1 Let f : Y ^ X be a nonsingular model as above, and [3 G Supp(i?j), 
with a :— f{P). Let x — be a local equation of a reduced component D of 
Rf passing through j3, and u — Q be an equation of A := f{D) at a. Write 
u = x°'u' G ^Y,ii, where a >2, and x does not divide v! . 

The extension of divisorial valuation rings Oy.d/Ox,\ is tamely ramified if 
and only if ordoRf ~ a — 1. 

Proof: Choose a r.s.p. (u, v) at a, and a r.s.p. (x, y) at /?. A local equation 
at P of Cf is given by 



Jacfjif) — x"^ ^ I au'— — h a:;Jac(u', v) J 



Then or do Rf = a — 1 if and only if p does not divide a and x does not divide 
dv 

dy' 

Since (fc is perfect) a (resp. j3) is a smooth point of A (resp. D) (ex. II. 8.1, 
[Ha]), rjX/fe (resp. f^]^,^) is generated at a (resp. f3) by dv (resp. dy). The 
inclusion k{Ox,a) ^ i^{^y.d) is separable if and only if ^^ /^ is a torsion sheaf 
(II. 8. 6. A, [Ha]). Let / : D ^ A be the finite map induced by /. There is an 
exact sequence for differentials on D (II. 8. 11, [Ha]) 

Clearly, ^]j/^ is a torsion sheaf if and only if (f7^ ,^)^ is a torsion Oy.^-module. 
The tangent map df is given at /3 by 

dv 1-^ T— mod X I dy. 
\dy J 

It follows that the inclusion k(C'x.a) ^ k{Oy.d) is separable if and only if x 

does not divide — — . 
oy 
Summing up, ordjjRf = a — 1 if and only the extension of divisorial valua- 
tion rings Oy.d/Ox.a is tamely ramified as required. 

The following proposition characterizes a monomial model by way of its 
maximal complexity. 
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Proposition 5 Let / : Y ^ X be a nonsingular model as above, and let (3 € Y . 
f is monomial at [3 (i.e. has the local form (1) or (2) of definition 3) w.r.t. 
some admissible r.s.p. at a :— /(/3) if and only if 

(i) For every irreducible component D of Rf passing through [3, with A := 
f{D), the extension of divisorial valuation rings Oy.d/Ox.a is tamely 
ramified. 

(a) 2/3 = if l3 e Supp(S'/). 

In particular, f is a monomial model if and only if (i) holds for all components 
of Rf and (ii) holds for all (3 G Supp(S'/). 

Proof: Choose an admissible r.s.p. {u,v) at a. If /3 G Supp(5'/), assume 
furthermore that {u,v) achieves ip = Q (proposition 4). We first prove the if 
part. We consider six cases. 

Case 1. (3 (^ Supp(C/). Consequently M^Oy^p = Mp. 

For cases 2 to 6, assume in addition that {x,y) is chosen such that (C/)red 
has local equation x ~ or xy ^ at f3. 

Case 2. P is a smooth point o/Supp(i?/) and (3 ^ Supp(S'/). Then a; = 
is a local equation of D := (i?/)rcd at /3 and, say, u = is a local equation of 
f{D) at a. We have u — x"'u' , where a > 2 and x does not divide u' . The local 
equation at /3 of C/ is given by 

„a-i f^^jdv 



(3.2) Jac/3(/) = x"^^ { au — + .Tjac(u', v) 



By lemma 1, orAnRf — a—1. Since C/ is a divisor with strict normal crossings, 

dv 
dy 



au' jp is a unit. / is then reduced at (3 to the monomial form (1 



U = "fX 

V ^ y ' 
where 7 is a unit and p does not divide a. 

Case 3. (3 is a singular point of Supp{Rf). Then xy = is a local equation 
of Di + D2 ~ {Rf )icd at /3. Suppose, if possible, that w = is a local equation 
of f{Di U D2) at a. Hence u — x°'y^u', where a,b > 2 and neither x nor y 
divides u'. The local equation at (3 of Cf is given by 

^-i..b-if fdv ,,dv 



JaCfl(/)=a;° y { ayu' — bxu' — ^ xy3a,c(u' ,v^ 

\ dy ox 

By lemma 1, oidj^-^Rf — a ~ 1 and oidjj^Rf = 6—1. Since Cf is a divisor with 
strict normal crossings, one gets that 

,dv dv T / / N 

ayu — bxu — h xy^SiC{u , v) 

dy ox 

11 



is a unit: a contradiction. So uw = is a local equation of /(-Di UD2) at a, and 
/ is then reduced at /3 to the monomial form (1) 

u = 7a;" 
V — dy'^ 

The local equation of Cf at /3 is given by 

(3.3) Jac^(/) - x''-'y''-\ad^S + g), 

where g is a nonunit. Hence jS is a unit and p does not divide ad. 

Case 4- P is a smooth point o/Supp(5'/) and [3 ^ Supp(i?/). Then .t = is 
a local equation of E := (Sf)rcd at /3. We have u — x'^u' and v = x'^v' , where 
a, c > 1 and x does not divide u'v' . The local equation at /3 of Cf is given by 

/ dv' dv' \ 

(3.4) Jac«(/) = a;"+=-i aw'-^ - cv'^ + xJaciu', v') . 

\ dy dy J 



By assumption (ii), ordsS*/ = a + c— 1. Since Cf is a divisor with strict normal 

dy 



crossings, it follows that au'^ — cv'^ is a unit 



Suppose u'v' is not a unit, say, v' is not. Hence au' ^- is a unit. / is then 
reduced at j3 to the monomial form (1) 

u — 7a;" 
V — x'^y ' 

where 7 is a unit and p does not divide a. 

Suppose u'v' is a unit. / is then reduced at [3 to the monomial form (2). 

Case 5. (i ^ Supp(i?/) n Supp(5'/). Then a; = (resp. y = 0) is a local 
equation of D :— (Rf),.^^ (resp. E :— {Sf)rcd) at (3. We have u — x°-y''u' and 
V = y'^v' , where a > 2, b,d > 1 and neither x nor y divides u'v' . The local 
equation at /3 of Cf is given by 

a-l ,t+d-l / , ,/ / , „,.,.^^«' 



(3.5) Jac/3(/) = .T°"S/+''"' arfw'-y' + ayu — + xg 

for some g. By lemma 1, ordoRf — a— 1. By assumption (ii), ordESf — b+d—1. 
Since Cf is a divisor with strict normal crossings, one gets that adu'v' is a unit. 
/ is then reduced at /3 to the monomial form (1) 

u — jx'^y^ 



v — Sy 
where jS is a unit and p does not divide ad. 
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Case 6. j3 is a singular point o/Supp(S'/). Then xj/ = is a local equation 
of E1+E2 — {Sf)rcd at (3. Hence u = x'^y^'u' and v — x'^y'^v' , where a,b,c,d> 1 
and neither x nor y divides u'v' . The local equation at (3 of Cf is given by 

(3.6) Jac/3(/) = a;"+'=-iy''+'^-i {{ad - bc)u'v' + g) , 

where 5 is a nonunit. By assumption (ii), ordEiSf = a + c — 1 and ordg^S'/ = 
b + d — 1. Since Cf is a divisor with strict normal crossings, one gets that 
{ad — bc)u'v' is a unit. / is then reduced at (3 to the monomial form (1). 

The only if part of the proposition easily follows by applying formulas (3.2) 
to (3.6) to the monomial expression (1) or (2). The last statement is obvious. 
This completes the proof. 

In order to construct a monomial model dominating a given model as above, 
it is necessary to study the behaviour of the complexity ip under blow-up. This 
is achieved in propositions 6 and 7 below. 

Proposition 6 Let f : Y ^ X be a nonsingular model as above, and let E be 

a reduced irreducible component of Sf, with a := f{E) G X. 

Assume that MaOy is locally principal. Let rj : X' —> X be the blowing-up of 

a, and f : Y ^ X' be the induced map. 

Assume in addition that a' := f'{E) Cz X' is a point, and let is (resp. i'^) be 

the complexity of E w.r.t. f (resp. f). Then i'^ < is- 

Proof: Pick an admissible r.s.p. {u,v) at a achieving ie- Say, ve{u) = 
mintgM„{^B(0}- Then m = is a local equation of the exceptional divisor of 77 
at a' . Pick v' such that (u, v') is an admissible r.s.p. at a' with i'e{v') maximal. 
Consequently 

i'e < VE{Sf') + 1 - i'e{uv') 

^ i'E{Sf) -i'e{u) + 1 - i'e{uv') =iE + i'E{v) -i'e{uv') ' 

If ve{u) — i'e{v), then i'e{v) — i'e{uv') < and i'^ < i^. 

If j^e(u) < j^e(w), then (m, -) is an admissible r.s.p. at a' and consequently 

ve{v) = i^e{u^) < ve{uv'), i.e. i'^ < iE- 

Lemma 2 Let f : Y ^ X be a nonsingular model as above, and [3 € Supp(S'/), 
with a := f{(3). Let x = be a local equation of a reduced component E of Sf 
passing through (3, and {u,v) be a r.s.p. at a achieving iE- Write 

u ~ x"-u' 

c f ' 
V ~ XV 

where a,c > 1, and x does not divide u'v' . Let S :~ g.c.d.(a, c). 

Assume that u'^ divides v''^ , and that — - is not a unit in Oy a- 

u'^ 
The extension of divisorial valuation rings Oy,e/Oy,e^K is tamely ramified if 

and only if iE = 0. 
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Proof: Choose a r.s.p. (x, y) at (3. A local equation at (3 of C/ is given as in 
(3.4) by 



a+c-l I „^j9v' ,du' ^, „, , ,. 



(3.7) Jac/3(/) = x"+=-i au'- ct;'^— + a;Jac(M', v') 

a 

Then i^; = if and only if x does not divide au ^ — cw^. Let ip :— — ^. By 
assumption, ip G Oy^p and (p is not a unit. 

Let /be the integral closure of the ideal [u"^ ,v'^). Then / is a simple complete 
Ma-primary ideal (p. 385, appendix 5 of [ZS2]). There are local inclusions 

(3.8) Ox,c. cRqC Oy,p , 
where R = Ox. a 



and Q :— MrC\R. By construction, ip £ R and is neither 
us J 

a unit nor is divisible by x in Oy,p- This implies that ht((x) n R) = 1. 

Remark: In case E is the unique component of Sf passing through /3, the 
ring Rq is the local ring lying below Oy.fj according to Abhyankar's terminology 
(cf. prop. 2 and def. 4 of [Ab4]). 

By Zariski's theory of complete ideals in two-dimensional regular local rings 
((E) p. 391, [ZS2]), there is a 1-1 correspondance between simple complete Mq- 
primary ideals of Ox.a and divisorial valuation rings oi K dominating Ox, a] the 
reduced exceptional divisor of the blow-up X :— Proj(0„>Q/") -^ SpecOx.a is 
an irreducible curve F and V := O-^ ^ is a divisorial valuation ring (proposition 
21.3 and remark following, [Li]). By what preceeds, 

V = Ri^)nR - Oy,e n K. 

Let t be a uniformizing parameter of V . Since / is a monomial ideal, the 
value group of V is generated by the values ordtu and ordtw; this follows from 
[Sp], lemmas 8.1 and 8.2, and corollary 8.5, where k needs not be algebraically 
closed in the special case of a monomial ideal. Since oidtifi = 0, this implies 
that ordiU = | and ord^w = |. Hence IV = (i)^^. On the other hand, 
IOy,e = {x)^ . Hence the ramification index of the extension of divisorial val- 
uation rings Oy,e/V is equal to 5. 

The ideal / is generated by all monomials u^w" such that 



ra n 

-r + ^ > 1. 



s 
Since g.c.d.(|, |) == 1, one gets that 



QjC C 

ve{u"^v'^) — ma + nc> —- = ve{'u.'^) 
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for all such monomials provided (m, J^) ^ {(f , 0), (0, |)}. This proves that 

R 



(x)ni? 



K{a)[ip], 



where Tp is the image of (p in the ring to the left. Let a be the point of F 
corresponding to Q. Then ^ is a regular parameter of Op^- By (3.8), the 
rational map Y ■ ■ ■ ^ X is defined at /?. Besides, f3 (resp. a) is a smooth point 
of E (resp. F). Arguing as in lemma 1, one deduces that the residue field 
extension k{Oy e)/k{V) {— K{E)/K{F)) is separable if and only if x does not 



divide -r^ in Oy a- We have 



, I dp fa idv' c idu' 

dy \5 dy 5 dy 



Summing up, Oy,eIV is tamely ramified if and only if x does not divide 

du' 
dy 



au'^ — cv'^^. By (3.7), this is equivalent to i^; = 



Proposition 7 Let f : Y —> X be a nonsingular model as above, and let f3 (z Y , 
with a :— f{j3) G X . Assume that MaOY,i3 is not a principal ideal. Let Y' ^ Y 
be the blowing-up of [3, with exceptional divisor E' , and f : Y' ^ X be the 
composed map. Let iE> be the complexity of E' w.r.t. f . 

Assume in addition that either f is monomial at j3 (i.e. has the local form 
(1) or (2) of definition 3) w.r.t. some admissible r.s.p. at a, or that the map 
y(") ; y(") _> SpecOx,a obtained from f by the base change SpecOjsfQ -^ X is 
tamely ramified (definition 2). The following holds 

(i) if P ^ Supp(5/), then is' — 0. 

(a) if l3 G Supp(5/), then ip' < ip, and is' < ip if ip > 0. 

Proof: First assume that a ^ Supp(i?/). By corollary 2, this implies that 
MaOY.p — Mp, since MaOY,p is not a principal ideal. We have is' = 1 + 1 — 2 = 
in this case. 

Now assume that a G Supp(i?/). Pick an admissible r.s.p. (u, v) at a achiev- 
ing ip for every reduced irreducible component E of 5*/ passing through /?. We 
consider six cases as in proposition 5. 

Case 1. We have M^Oy.p — Mfj and ip' = as above. 

Case 2. By definition or by proposition 5, / is reduced at [3 to the monomial 
form (1) 

u ~ ^jx"' 
V ^ y 

where 7 is a unit and p does not divide a. Hence ip' = a + 1 — (a + 1) = 0. 
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Case 3. By definition or by proposition 5, / is reduced at [3 to the monomial 
form (1) 

u — 72;" 

wliere 7(5 is a unit and p docs not divide arf. Hence i^;/ = a+rf— 1 + 1 — (a+rf) = 0. 

Case 4- First assume that / is monomial at /3. By proposition 5, ip = and 
/ is reduced at (3 to the monomial form (1) 

u — 7a;" 

where 7 is a unit and p does not divide a. Hence is' = a + c+ 1 — {a + c+ 1) = 0. 
Assume now that /'"' is tamely ramified. Write 



where a, c > 1 and x does not divide u'v'. Then iE' < ip + l~ ordp{u'v'). Since 
MaOy^f) is not a principal ideal, u'v' is not a unit. Hence is' < i/3. Assume 
equality holds. Then u' or w' is a unit, say u', and v' is not. Hence lemma 2 
applies, and gives that ip — 0. 

Case 5. First assume that / is monomial at /3. By proposition 5, ip = and 
/ is reduced at (3 to the monomial form (1) 

u = ^x°"i/' 



V ^ Sy'^ ' 

where ^5 is a unit and p does not divide ad. Hence ie' =a + fe + rf— 1 + 1 

(a + 6 + d) = 0. 

Assume now that /("^ is tamely ramified. Write 



r fl f 1 

V — X y V 

where a, c > 1, d > 2, and neither x nor y divides u'v'. Let D be the reduced 
component of Rf with equation y — 0. By lemma 1, orduRf — d — 1. Then 
iE' ^ip — ovdf)(u'v') < ifj. Assume Ie' ~ ip. Then u'v' is a unit. By lemma 2, 
this implies that ij3 — Q. 

Case 6. First assume that / is monomial at (3. By proposition 5, z^g = and 
/ is reduced at j3 to the monomial form (1) 

u — 7a;"y'' 

V — dx'^y'^ ' 
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where ^5 is a unit and p does not divide ad — he. Hence ie' =a + 5 + c + rf — 

l + l-(a + 6 + c + (i) = 0. 

Assume now that /'"' is tamely ramified. Write 

u — x'^y^u' 
V — x'^y'^v' ' 

where a,b,c,d> 1, and neither x nor y divides u'v'. Let Ei (resp. E2) be the 
reduced component of Sf with equation x = (resp. y = 0). Then 

(3.9) Ie' < lEi + iE2 - ordi3{u'v'). 

Since a G Supp(_B^) and {u,v) is admissible, m = is a local equation of a 

component of Supp(-B/). Since f*Bf is a divisor with strict normal crossings, 

u' is a unit. 

Suppose that v' is not a unit. By possibly permuting x and y, it can be assumed 

that ad — be > 0. Lemma 2 hence applies, and we get i^^ = 0. Hence ip — iE2- 

By (3.9), this gives iE' < ip- 

Suppose that v' is a unit. Since MaOy.fj is not a principal ideal, ad — be ^ 0. 

After possibly permuting u and w, and x and y, lemma 2 applies w.r.t. both of 

El and E2- Hence ip = iei — ^£2 — and this gives ie' = by (3.9). 



4 The algorithm 

Let f : Y ^t X he a, nonsingular model of L/ K^ and a a point in X . We define a 
new nonsingular model fa dominating / as follows: let X^ —> X he the blowing- 
up of a, and Y^ ^ y be the minimal composition of point blowing-ups such 
that M^Oy^ is locally invertible (i.e. the minimal resolution of singularities of 
the blow-up of Y along the ideal MaOy)- By the universal property of blow-up, 
there exists a map /q, : Kq — > Xa- 

Lemma 3 The above model fa is the minimal (w.r.t. dom,ination) nonsingular 
model f':Y'^ X' of L/K dominating f , and such that the center on X' of 
the Ma-adic valuation of K is a curve. 

Proof: Let /' : Y' -^ X' he a nonsingular model dominating / such that 
the center on X' of the Ma-adic valuation of iiT is a curve. By proposition 3, 
X' ^ X factors through the blow-up Xa of X at a. Since MaOy' is locally 
invertible, Y' ^ Y factors through Yq. 



Proposition 8 There exists a minimal nonsingular model f dominating any 
given model f of L/K , and .such that both of B~ and f B~ are divisors with 

strict normal crossings. Any nonsingular model dominating f has the same 
property. 
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Proof: Since any algebraic fc-surface admits a minimal resolution of singu- 
larities (A. p. 155, [Li2]), X can be replaced with its minimal resolution X' and 
Y by the minimal resolution Y' of the normalization of X in L. It hence can be 
assumed that / : Y ^ X is nonsingular. Let /' : Y' ^ X' be a nonsingular 
model dominating /. Let a G X be a point of Supp(_B^) which is not a strict 
normal crossing. If Bji is a divisor with strict normal crossings, /' is not an 
isomorphism above a. By lemma 3 and proposition 3, /' dominates /q,. 
By embedded resolution of curves in surfaces (V.3.9, [Ha]), we hence may as- 
sume that Bf has strict normal crossings. Suppose that /*-B/ does not have 

only strict normal crossings. Let j] : Y^ Y be the minimal composition of point 

blow-ups such that ri*Cf has only strict normal crossings. Set /: Y^ X to be 
the morphism induced by /. 

Lemma 4 A monomial model f : Y ^ X is tam,ely ramified. 

Proof: Let T^ be a divisorial /c-valuation ring of L having a center in Y. 
Case 1: the center of V in X is a curve. By proposition ^(i), V/VCiK is tamely 
ramified. 

Case 2 : the center of V in X is a point a. Consider the model /„ : Y^ ^ X^. 
By propositions 5, 6 and 7, /„ also is a monomial model. If the center of V in 
Xa is a curve, we are done by case 1. If it is a point ai, then Ox. a C Ox^,an 
and we apply again case 2 to fa^. 

This process terminates after a finite number of steps by proposition 2 applied 
to R = Ox,a and S = VnK. 

Proof of theorem 1 (stated at the end of section 2): [i) => [ii) is trivial and 
(m) =^ (Hi) has been proved in lemma 4 above. We prove (Hi) => («). 

By proposition 8, it can be assumed that / is a nonsingular model and that 
both of Bf and f*Bf are divisors with strict normal crossings. Hence the results 
of section 3 apply. 

The algorithm: Assume furthermore that / is not a monomial model. By 
proposition 5, there exists a reduced irreducible component E of Sf with «£ > 0. 
Choose such an E with is maximal, and let a :~ f{E) G X. We get a new 
nonsingular model /q, : Y^ -^ Xa dominating / and such that both of Bf^ and 
f*Bf^ are divisors with strict normal crossings by proposition 8 above. 
Iterate the process if fa is not monomial. This gives rise to a sequence of nonsin- 
gular models /, fai , • • • , fai i • ■ •; such that /„. dominates fai^i for i > 1. It will 
be proved below that for some i > 1, fai is the minimal monomial resolution of 
/• 

Proof of theorem 1 continued: Let _E be a reduced irreducible component of 
Sf such that iE > 0. Let a := f{E). We first claim that any monomial model 
/' : Y' ^ X' dominating / (if there exists one) dominates fa as well. By 
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lemma 3, it is sufficient to sfiow tfiat tfie center on X' of the M^-adic valuation 
of -ftT is a curve. Since X' is nonsingular, it is also sufficient by proposition 3 to 
prove that X' ^t X is not an isomorphism above a. Assume the contrary. Let 
j{a) (j-esp^ / ) be the map obtained from / (rcsp. /') by the base change 
SpecOjsfQ ^^ X . There is a commutative diagram with proper maps 



Y' 



(a) / 



>{c) 



SpecOjsf.Q 



y(") ^''°' ) SpecOx,a 



Let E' be the strict transform of E in F'^"\ By definition, ie' — ie- But 
/ is monomial by assumption and thus iE' = by proposition 5. This is a 
contradiction, since iE > 0, and the claim is proved. 



Let 



max tg , 

/3eSupp(S/) 



and 



'Ef := {Oy,e I -B is a reduced irreducible component of Sf with Ie = If}- 

To conclude the proof, it must be shown that for some i > 1, the model /„. 
in the algorithm above is monomial, i.e. //^. = 0. Assume not. By lemma 5 
below, (/^^.,S/^,) is constant for large enough j. Pick a divisorial valuation 

ring V^ G [ I E/^ . of i, such that for infinitely many values of j, aj is the center 

of V in Xa ■ ■ This gives rise to an increasing sequence of quadratic transforms 
{Ox^ . ,Qj ) dominated hyVCiK. But any such sequence must be finite by propo- 
sition 2. 



Lemma 5 With notations as above, assume // > and let E be a reduced 
irreducible component of Sf with ie — If- Let a :~ f{E). 

Then {If^,'Ef^) < {If,'Ef) for the lexicographical ordering, where the second 
summand is (partially) ordered by inclusion. 

Proof: Let /' : Ya ^ X. By proposition 7, (//', S//) = {If, E/). By propo- 
sition6,(//„,S/J <(//,, E/O'. 
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5 Toroidalization of morphisms of surfaces 

Suppose that k is an algebraically closed field of characteristic zero. We recall 
the definitions of toroidal varieties and morphisms from [KKMS] and [AKa] . 

Suppose that X is a normal /c- variety, with an open subset Ux ■ The embed- 
ding Ux C X is toroidal if for every x (z X there exists an afHne toric variety 
X^, a point s € X^, and an isomorphism Ox,x — Ox„ ^ such that the ideal of 
X — Ux corresponds to the ideal of X^r — T, where T is the torus in X^r- Such 
a pair (Xg-, s) is called a local model at a; G X. 

A dominant morphism / : {Ux C X) ^ {Ub C B) oi toroidal embeddings 
is called toroidal if for every closed point x & X there exist local models {Xa-, s) 
at X, {Xr, t) at f{x) and a toric morphism g : X^ -^ X^- such that the following 
diagram commutes 

Ox.x ^- C>x„,s 

Obj(x) ^ Ox^.t 

By a fc-surface, we mean a proper, 2 dimensional, integral, normal /c-variety. 

Suppose that X is a nonsingular /c-surface, and Dx is a SNC (Simple Normal 
Crossings) divisor on X. Then the embedding X — Dx C X is toroidal. 

In this section, we will consider morphisms f :Y ^ X^ where X and Y are k- 
surfaces with respective (Weil) divisors Dx and Dy such that f^^{Dx) = Dy, 
set theoretically. li rj : Xi ^ X is a. birational proper morphism of fc-surfaces, 
we can define a divisor Dxi ~ rj^^{Dx) on Xi. If Dx is a SNC divisor, and 
Xi is nonsingular, then Dxi is a SNC divisor. 

We will say that f -.Y ^r X is toroidal relative to Dy and Dx if 

f : {Y - Dy (ZY) ^ {X - Dx ^ X) 

is toroidal. 

We will prove that morphisms of fc-surfaces can be made toroidal. While 
this result is known to be true, for instance it is implicit in [AKi], the result is 
of sufficient interest that we give a statement of the theorem, and an outline 
of a proof. Recall that, in this section, k is an algebraically closed field of 
characteristic zero. 

Theorem 2 Suppose that f : Y ^ X is a dominant morphism of k-surfaces, 
and Dx, Dy are respective divisors on X and Y, such that ,f^^(Dx) = Dy 
and Dy contains all singular points of f and of Y . Then there exist projective 
birational morphisms (3 : Y' ^ Y and a : X' -^ X such that Y' and X' are 
nonsingular and f : Y' -^ X' is a toroidal morphism, relative to (3^^{Dy) and 
a-\Dx). 

We need to generalize the notion of a monomial model defined in Definition 
3 of Section 2, to incorporate information about the divisors Dx and Dy. 
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Definition 6 A nonsingular model f : Y ^ X is said to be monomial with 
respect to SNC divisors Dy on Y and Dx on X if f^^{Dx) ~ Dy set theoreti- 
cally, Cf C Dy, and if for every (3 qY , with a := f{j3) G X , there exist regular 
systems of parameters {u,v) of Ox. a o-nd {x,y) of Oy.p such that 

(i) If en ^ Supp(Dx)j Dx is locally at a defined by u ~ or uv — 0. 

(ii) Either 

u — ^x°'y^ 
V — dx'^y'^ ' 

where ^5 is a unit in Oyjj, p does not divide ad — be and Dy is locally at 
(3 defined by xy — Q, or 

u — 7a;" 
V — Sx'^ ' 

dS d"/ 

where both of -yS and aj— cS—- are units in Oy r, and Dy is locally 

oy oy 

at 13 defined by x — 0. 

Theorem 3 Suppose that f : Y ^ X is a morphism of k-surfaces. Suppose 
that Dx and Dy are divisors on X and Y repectively, such that f^^{Dx) = 
Dy , and Dy contains all singular points of the mapping f, and all singular 
points of Y . Then there exist projective birational morphisms t : Yi ^ Y and 
a : Xi -^ X such that Yi and Xi are nonsingular, the divisors Dy.^ ~ T^^(Dy) 
and Dxi = cf^^iDx) are SNC divisors, and /i : Yi ^ Xi is monomial with 
respect to Dy^ and Dxi ■ 

The proof of Theorem 3 is a variation on the proof of the existence of a 
monomial resolution, given in the preceeding sections. Note that any model 
f : Y ^t X has divisors Dx and Dy as in the assumptions of the theorem. 
After performing projective birational morphisms on X and Y , we can assume 
that X and Y are nonsingular, and Dx and Dy are SNC divisors. We must 
make a change in the definition of admissibility of Section 3. 

Let a be a point in X. A r.s.p. {u,v) of Ox,a is said to be admissible if 
a ^ Supp(£'x), or if a e Supp(Dx) and Dx is locally at a defined by u = or 
uv = (see (i) in definition 6). 

The results of Chapters 3 and 4 can now be easily modified to produce a 
proof of Theorem 3. 

By Theorem 3, we may suppose that X, Y are nonsingular fc-surfaces, and 
that f : Y ^ X is monomial with respect to divisors Dx on X and Dy 
on Y. Thus Dx and Dy have simple normal crossings, Dy ~ f^^{Dx) and 
Cf C Dy. We further have that for all p e Dx and q e f^^{p) there exist 
regular parameters (m, v) in Ox,p and {x, y) in Oy.q such that one of the following 
holds. 

Case 1 Dx,p = V{uv), Dy,q — V{xy), u — x°-y^, v = x'^y'^, ad — be j^ 0. 
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Case 2 Dx.p = V{uv), Dy.q = y{x), u = x°-, v = x''{y + a), =/^ a E k. 
Case 3 Dx,p = V{u), Dy^q = V{xy), u = x"2/^ v = x^y"^, ad - be ^^ 0. 
Case 4 Dx.p = ^(w)i -Dy.q = ^(a^), u = x", u = x'^(y + a), a <E k. 

We will call cases 2 and 4 1-points, cases 1 and 3 2-points. Regular param- 
eters as above will be called permissible. 

The morphism is toroidal (relative to Dx and Dy) if all points satisfy cases 
1, 2 or 4*, where 4* is 

Case 4* Dx.p = V{u), Dyq = V{x), u = x°-,v = y. 

We will call a point q eY good (or bad) if / is toroidal (not toroidal) at q. 
By direct calculation, we see that 

Lemma 6 The loeus of bad points ofY is elosed of pure codimension 1 in Y. 

The set of image points in X of bad points is finite. 
Let 

Gf = {q E Y\q G f^^{p) is a 1-point such that p E X \s the image of a bad point}. 

If g G G/, and (a;, y), {u, v) are permissible parameters at q and p, we have an 
expression 

u = x'^ 

V = a;'^(7 + y) 

for some j E k, and Dx,p — V{u), Dy^q ~ V{x). We can define an invariant for 
qEGf by 

I{q, X) = max{c — a\{x, y), (u, v) are permissible parameters at q and p} 

We then further define a global invariant 

riY,X) ^ma^{I{q,X)\qEGf}. 

Suppose that r{Y, X) > 0, and that p E X is such that there exists q E 
f-\p) with I {q,X)^r{Y,X). 

Let TT : Xi ^ X he the blowup of p. Let fi : Y ^ Xi he the induced 
rational map, with Dx^ = Tr^^(Dx)- 

The following two lemmas are obtained by direct calculation of the effect of 
a quadratic transform at g G K or at p = /(g) G X. 

Lemma 7 Suppose that q E f^^{p) is sueh that /i is a morphism near q. 
Suppose that q is a 1-point. If I{q,X) < 0, then q is a good point for /i. // 
I{q,X) > 0, then I{q,Xi) < Iiq,X). 
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The points where /i is not a morphism have one of the following forms. 

(3) u — x", V ~ x'^y, with c < a, (Dy = ^ix), Dx ~ V{u)), or 

(4) 

u — x°-y^, V — x'^y'^, with a < c,b> d or a > c,b < d, [Dy = V{xy), Dx — V{u)). 

Lemma 8 Suppose that q G f^^ip) is such that f\ is not a morphism near q. 
Let T : Yi ^ Y be the blowup of q, /2 = /i o r. 

Suppose that q is a 1-point, so that q has the form of (3). Suppose that 
q' € T~^(q). Then /2 is a morphism at q' and /2 is toroidal at q' relative to 
Dy^ = T~^{Dy) andDxi, unless Oy-^_qi has regular parameters xi,yi such that 

u = x1,v = X^+^J/1, 
with Dy^ — V{xi), Dx = y{u), and 

I{q,X)<I{q',X)<0. 

Suppose that q is a 2-point, so that q has the form of (4). We can assume 
that a > c and b < d. Suppose that q' £ T^^{q). 

If q' is a 1-point, then /2 is a morphism at q' and either /2 is toroidal at q' 
relative to Dy-^ — T^^{Dy), and Dxi, or we have a + b < c + d, so that Oy-^,q> 
has regular parameters {xi,yi), Oxi.f2{q') ^^^ regular parameters {ui,vi), such 
that 

a+b "^ c+d-{a+b) f , -. 

Ui=u = Xj^^ ,vi = - = x^ (7 + yi), 

U 

with 7^0, Dy-^ = V{xi), Dxi = V{ui). In this case we have 

I{q', Xi) = {c + d)-2{a + b) <{d-b)-l< r(r, X). 

By the above two lemmas, we can conclude 

Proposition 9 There exist sequences of quadratic transforms a : Y' ^ Y and 
j3 : X' -^ X such that f : Y' ^ X' is a monomial mapping, and r(Y' , X') < 0, 
relative to a^^(Dy) and (3^^{Dx)- 

Thus, we m.ay assume that r{Y, X) < 0. Suppose that p E X is the image of 
a bad point. Then v \ u at all 2-points above p. If q is a 1-point above p, then 

M = .x", f = x'^(7 + y) 

with 7 e fc and c < a. Let tt : Xi ^ X be the blowup oi p, fi : Y ^ Xi be the 
induced rational map. Then /i is a morphism and is toroidal at all 2-points of 
f~^{p), and at all 1-points with 7 7^ 0, and at all 1-points with 7 = and c = a. 
The only points q of f~^{p) where /i is not a morphism (and is not toroidal) 
are 1-points of the form 

u = x", V — x'^y 
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with I{q, X) = c — a < 0. Let t : Yi ^ Y he the blowup of such a q. Let 
/2 = /i o T. Then /2 is a morphism and is toroidal at all points of T~^{q) 
except possibly at a point q' which has regular parameters {xi,yi) satisfying 
X = xi,y ^ xiyi, 

u^ xl,v ^ xl'^^yi 

with 

I{q,X)<I{q',X)<0 

By ascending induction on the negative number I(q, X), we eventually construct 
a toroidalization. We thus have attained the conclusions of Theorem 2. 
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